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ABSTRACT
Cochran-Mantel-Haenszel (CMH) method is widely used when comparing two treatments in a stratified
trial with a binary endpoint, using a weighted averaging of the stratum-specific differences between
proportions. Within context of drug development for testing hypothesis, either p-values for CMH test
statistic of general association or p-values from multiply imputed data with CMH test statistics are more
commonly applied. When alternative hypothesis is one-sided, there is no SAS procedure (SAS®) or
options in SAS procedure to directly output one-sided p-value for asymptotic generalized CMH test for
differences between proportions. A cursory search of the methods of computing one-sided p-value for
asymptotic generalized CMH test has been conducted but not many articles of the same topic had turned
up, but we might have missed it.

This paper provides a quick guidance to obtain one-sided p-value for asymptotic generalized CMH test
from SAS PROC FREQ statement.
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INTRODUCTION
This article introduces the derivation of one-sided p-value for asymptotic generalized CMH test when the
primary endpoint is a proportion difference between two treatment groups and alternative hypothesis is
one-sided. The computation of either CMH asymptotic generalized point estimate or corresponding
confidence interval are not within the scope of this paper.

NOTATIONS AND FORMULAS
As we will see below, the CMH test compares binary responses of two treatment groups, adjusting for
stratification factors. In the CMH test, the data are arranged in a series of associated 2 × 2 contingency
tables, the null hypothesis is that the observed response is independent of the treatment used in any 2 ×
2 contingency table.

Let �ℎ�� be the observed frequency of treatment i (i = 1 or 2) with outcome j (j =1 or 2) in stratum h and
�ℎ�� be the expected frequency of treatment i (i = 1 or 2) with outcome j (j =1 or 2) in stratum h (the same
notations are used for the rest of the paper), where

�ℎ�� =
(�ℎ�1 + �ℎ�2)(�ℎ1� + �ℎ2�)
�ℎ11 + �ℎ12 + �ℎ21 + �ℎ22

Also, let �ℎ�� be the probability of outcome being j given treatment being i in stratum h. To test the
following hypothesis,

�0 : �ℎ11 = �ℎ21 ��� ��� ℎ ∈ 1, …, �

versus

�1 : �ℎ11 > �ℎ21 ��� �� ����� ��� ℎ ∈ 1, …, �

The asymptotic generalized CMH Test Statistics for large sample sizes is constructed as:

���� = ℎ=1
� �ℎ11 − �ℎ11�

�11
~�

Where
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�11 = ���
ℎ=1

�
�ℎ11 − �ℎ11�

=
ℎ=1

� (�ℎ11 + �ℎ12)(�ℎ21 + �ℎ22)(�ℎ11 + �ℎ21)(�ℎ12 + �ℎ22)
�2(� − 1)

� =
ℎ=1

� �ℎ11 ∙ �ℎ22

� − 1�

� = �ℎ11 + �ℎ12 + �ℎ21 + �ℎ22

The test statistic ���� will be compared with standard normal distribution to obtain p-value of the
asymptotic generalized CMH test. From above description, the steps of calculating one-sided p-value of
asymptotic generalized CMH test is to: 1) calculate ���� 2) decide rejection region by alternative
hypothesis and obtain one-sided p-value from normal distribution given ����.

STEPS OF CALCULATING ����

The CMH Test Statistics ����
2 for testing general association between treatment and outcome of interest

being i = 1 and j = 1 is

����
2 = ℎ=1

� �ℎ11 − �ℎ11�
2

ℎ=1
� ��� �ℎ11�

Where for stratum h:

�ℎ11 =
(�ℎ11 + �ℎ12)(�ℎ11 + �ℎ21)
�ℎ11 + �ℎ12 + �ℎ21 + �ℎ22

��� �ℎ11 =
(�ℎ11 + �ℎ12)(�ℎ21 + �ℎ22)(�ℎ11 + �ℎ21)(�ℎ12 + �ℎ22)

�2(� − 1)

For large samples, ����
2 follows a �2distribution asymptotically with 1 df under the null hypothesis that

there is no association between the treatment and the outcome. For stratified 2x2 tables, it’s easy to
deduce from above formulas that ���� is the same with the squared root of ����

2 except for the fact that
Chi-square is always positive (+) due to its squared nature and thus sign of ���� is to be determined. It is
straightforward that the mathematical sign of the numerator of ����, a.k.a. ℎ=1

� �ℎ11 − �ℎ11� determines

sign of ����, which means ���� equals to ����
2 if result of ℎ=1

� �ℎ11� − ℎ=1
� �ℎ11� is positive value, and

���� equals to − ����
2 if result of ℎ=1

� �ℎ11� − ℎ=1
� �ℎ11� is negative value.

It is easy to obtain ����
2 for testing general association via SAS PROC FREQ procedure with CMH option.

WORKING EXAMPLES WITH SAS IMPLEMENTATION
For example, Table 1 is a 2 x 2 contingency table of example dataset with four stratums, subjects are
randomized to either active drug or placebo and have either clinical response or non-response.

Response Non-Response

Stratum 1 Active 12 3

Placebo 2 5

Stratum 2 Active 9 10

Placebo 0 9
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Stratum 3 Active 46 31

Placebo 10 28

Stratum 4 Active 23 22

Placebo 5 17

Table 1. 2 x 2 Contingency Table of Example Dataset

To input the data into SAS datasets, one can use the following SAS data step statement:
data mydata;

length strata $ 8 Treatment $ 8 Response $ 20;
input strata $ Treatment $ Response $ Count @@;
datalines;

1 Active Response 12 1 Active Non-response 3
1 Placebo Response 2 1 Placebo Non-response 5
2 Active Response 9 2 Active Non-response 10
2 Placebo Response 0 2 Placebo Non-response 9
3 Active Response 46 3 Active Non-response 31
3 Placebo Response 10 3 Placebo Non-response 28
4 Active Response 23 4 Active Non-response 22
4 Placebo Response 5 4 Placebo Non-response 17
;

It’s easy to get ����
2 with SAS:

proc freq data=mydata;
tables strata*Treatment*Response /cmh expected norow nocol nopercent;
weight Count;
ods output cmh=chisq;

run;

����
2 from above SAS procedure for testing general association is 25.8460 (see Output 1):
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Output 1. Output from PROC FREQ Statement

Also from 2 x 2 contingency table (Table 1), we can easily get �ℎ11 and �ℎ11 ℎ ∈ 1, …, 4 .

Stratum 1 Stratum 2 Stratum 3 Stratum 4

���� 12 9 46 23

���� 9.5455 6.1071 37.496 18.805

The mathematical sign of ���� is assessed to be positive (+):

ℎ=1

4

�ℎ11 − �ℎ11� =
ℎ=1

4

�ℎ11� −
ℎ=1

4

�ℎ11� = 90 − 71.9536 > 0

Therefore, ���� = ( + ) ����
2 = 5.0839.

For alternative hypothesis �1 : �ℎ11 > �ℎ21 ��� �� ����� ��� ℎ ∈ 1, …, 4 , the upper bound p-value is
obtained by performing SAS function 1-probnorm(5.0839) = 1.8488133E-7;

For alternative hypothesis �1 : �ℎ11 < �ℎ21 ��� �� ����� ��� ℎ ∈ 1, …, 4 , the lower bound p-value is
obtained by performing SAS function probnorm(5.0839) = 0.9999998151.

MACRO IMPLEMENTATION FOR ONE-SIDED CMH TEST AND ITS P-
VALUE
%macro one_sided_cmh_test(indata=mydata

,treatment_of_interest_value=Active
,response_of_interest_value=Response
,side=upper /* test side of alternative hypothesis, value is upper or lower depending

on study hypothesis design defined in SAP */
);

%* obtain Chi-squared CMH test statistic *;
proc freq data=mydata;

tables strata*Treatment*Response /cmh expected norow nocol nopercent;
weight Count;
ods output cmh=chisq CrossTabFreqs=ctf;

run;

%* determine mathmatical sign of Zcmh *;
%*** filter out records of Treatment of Interest and Response of Interest by user input values
***;
data ctf1;

set ctf;
if _TYPE_="111" AND Treatment="&treatment_of_interest_value" AND

Response="&response_of_interest_value" then output;
run;
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proc sql noprint;
select sum(frequency) into: Observed from ctf1;
select sum(expected) into: Expected from ctf1;

quit;

%* test statistic Zcmh and one-sided P-value *;
data Statistics;

set chisq;
where althypothesis="General Association";
%if %sysevalf(&Observed-&Expected)>=0 %then

Zcmh=sqrt(value);
%else

Zcmh=(-1)*sqrt(value);
;
%if %lowcase(&side)=upper %then

one_sided_Pvalue=1-probnorm(Zcmh);
%else %if %lowcase(&side)=lower %then

one_sided_Pvalue=probnorm(Zcmh);
;
format Pvalue;
rename value=chisq;
label value="Cochran-Mantel-Haenszel Statistic (Chi-Square Statistic)" Zcmh="asymptotic

generalized CMH Test Statistic" one_sided_Pvalue="one-sided p-value of asymptotic generalized
CMH test";

keep value Zcmh one_sided_Pvalue;
run;

proc print data=Statistics label noobs;
title "One-sided p-value for Asymptotic Generalized Cochran-Mantel-Haenszel (CMH) Test";
run;

%mend;

%one_sided_cmh_test;

DISCUSSION AND CONCLUSION
Besides the ���� approach introduced above, we can also obtain one-sided p-value by using p-value of
����

2 . The null hypothesis for the ����
2 assumes conditional odds ratio within each stratum equals to 1,

which mirrors that of the ����, asserting that the conditional odds ratio equals 1 when proportions are
equal and deviates from 1 when proportions differ. When conditional odds ratio within each stratum is
equal to 1, the CMH statistic should be close to zero, while some or all conditional odds ratios is greater
than 1, or some or all conditional odds ratios is less than 1, the CMH statistic is large. If we want to obtain
one-sided p-value directly from p-value of ����

2 ，the sign of ℎ=1
� �ℎ11 − �ℎ11� should be determined

likewise. For example, when we test alternative hypothesis that the conditional odds ratio in some stratum
is greater than 1, we can halve p-value of ����

2 if ℎ=1
� �ℎ11 − �ℎ11� is positive; Nevertheless, we should

use 1- 1
2
p-value of ����

2 if ℎ=1
� �ℎ11 − �ℎ11� is negative.

Take above ����
2 of 25.8460 as an example. The p-value of ����

2 is 3.6976472E-7 and ℎ=1
� �ℎ11 − �ℎ11�

is positive, halving the p-value we obtain 1.8488236E-7, which equals to the one-sided p-value from
proposed ���� approach when alternative hypothesis is �1 : �ℎ11 > �ℎ21 ��� �� ����� ��� ℎ ∈ 1, …, � .

Likewise , when alternative hypothesis is �1 : �ℎ11 < �ℎ21 ��� �� ����� ��� ℎ ∈ 1, …, � , the lower bound
p-value is calculated using 1- 1

2
p-value of ����

2 .
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It is worth to note, when heterogeneity across strata is present in data, in other words some conditional
odds ratios are less than 1 and others are greater than 1, neither ����

2 nor ���� approach is as effective.
Both approaches rely on the assumption of homogeneity across strata, and when this assumption is
violated, an alternative approach becomes necessary.

In summary, the paper describes easy SAS implementation to compute one-sided p-value for asymptotic
generalized CMH test. The results can be easily calculated. The R package coin provides the same
asymptotic generalized CMH test with one-sided p-value output. We verified the steps we introduced
provide equivalent results for the example in the literature.
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